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Probability theory

Exercise Sheet 9

Exercise 1 (4 Points)
Let (E, d) be a metric space and let V : E → R+ be continuous. For (µn)n∈N ⊂
P(E) and µ ∈ P(E) suppose that µn → µ weakly as n→∞ and

sup
n>1

∫
E

V (x)µn(dx) <∞.

Prove that ∫
E

V (x)µ(dx) 6 sup
n>1

∫
E

V (x)µn(dx) <∞.

Hint: Use the approximation VR(x) := max{V (x), R} where R > 0. Then VR is
continuous and bounded.

Exercise 2 (6 Points)
For given σ > 0 and b ∈ R let

µσ,b(dx) =
1√

2πσ2
exp

{
−(x− b)2

2σ2

}
dx.

(a) For a polynomial p define

Fp(σ, b) :=

∫
R

p(x)µσ,b(dx).

Prove by ’direct computation’ and exercise sheet 1 that Fp is continuous in
σ and b.

(b) Deduce from the continuity of Fp that∫
R
f(x)µσ,b(dx)→

∫
R
f(x)µσ′,b′(dx), (σ, b) −→ (σ′, b′) (1)

for all continuous f : Rd → R such that there exists a constant c > 0 and
κ > 1 with |f(x)| 6 c(1 + |x|κ) for all x ∈ Rd.

1



(c) Prove that for any 0 < σ∗ < σ∗ and b∗ < b∗

lim
R→∞

sup
(σ,b)∈[σ∗,σ∗]×[b∗,b∗]

HR(σ, b) = 0

where the function HR is for R > 0 given by

HR(σ, b) =

∫
R

1|x|≥R(x)|x|κµσ,b(dx).

Deduce (1) from this.

Exercise 3 (4 Points)
For a > 0 let

µ(dx) =
1

a

(
1− |x|

a

)
1[−a,a](x)dx.

Show that the characteristic function µ̂ is for ξ ∈ R given by

µ̂(ξ) =
2(1− cos(aξ))

a2 − ξ2
.

Exercise 4 (4 Points)
Use characteristic functions to prove that

∞∑
k=1

1

k2
=
π2

6
.

Hint: Let ε > 0 and Xε be a Z-valued random variable such that

P (Xε = k) =

{
0, if k = 0,

c(ε) e
−ε|k|

k2
, if k 6= 0,

where c(ε) > 0 is fixed and given by
∑∞

k=−∞ P(Xε = k) = 1. Compute the second
derivative of

ϕXε(ξ) = E(eiξXε), ξ ∈ R

and evaluate ϕXε in ε = 0 in order to show that c(0) = 3/π2.
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