Jonas Kremer WS 2017/2018
Probability theory

Exercise Sheet 9

Exercise 1 (4 Points)
Let (E,d) be a metric space and let V : E — R, be continuous. For (j,)nen C
P(E) and p € P(FE) suppose that p, — p weakly as n — oo and

sup/EV(x),un(da:) < 00.

n=>1

Prove that
/EV(x)u(dx) < Sup/JEV(x)un(dx) < 0.

n=1

Hint: Use the approximation Vg(x) := max{V(x), R} where R > 0. Then Vj is
continuous and bounded.

Exercise 2 (6 Points)
For given o > 0 and b € R let

() = —— exp{_(x—_b)Q}dx.

2mo? 202

(a) For a polynomial p define
FP(U7 b) = /p(x):u’o,b(d‘r)
R

Prove by ’direct computation’ and exercise sheet 1 that I}, is continuous in
o and b.

(b) Deduce from the continuity of F), that

/R f(@)pop(dz) — /R f(@)por pr(dz), (0,b) — (0", V) (1)

for all continuous f : R? — R such that there exists a constant ¢ > 0 and
k=1 with |f(z)] < c(1 + |z|F) for all z € R4



(c) Prove that for any 0 < 0, < o* and b, < b*

lim sup Hg(o,b) =0

R=00 (5 b)€[0s,0%] % [ba,b*]

where the function Hpg is for R > 0 given by

H(o,b) = / Lopo (@)t (d).

Deduce (1) from this.

Exercise 3 (4 Points)
For a > 0 let

MW@ZE('—EDﬂ“m@MW

a a
Show that the characteristic function p is for £ € R given by
2(1 — cos(af))

a2_€2

u() =

Exercise 4 (4 Points)
Use characteristic functions to prove that

=
k=1

Hint: Let ¢ > 0 and X, be a Z-valued random variable such that

0, if k=0,
P (Xs = k) = e—clkl .
C(g)k—Q, if k 7é 0,

where ¢(g) > 0 is fixed and given by "> P(X. = k) = 1. Compute the second
derivative of

px.(§) =E(¢7), €R

and evaluate px. in € = 0 in order to show that ¢(0) = 3/72.



